In this study, we model a harmonic oscillator that enters an interferometer partially coupled to a thermal bath of oscillatory fields by employing a Brownian-type Lindblad master equation. More specifically, we investigate the dynamics and the variations of the thermodynamic quantities of the system at different temperatures. We recognize that although the system can remain coherent during its interaction with the thermal bath in the low-temperature limit, the system's entropy production violates the Clausius inequality. Furthermore, we argue that the system's coherence is the source of this violation, rather than the entanglement degree of system-environment, as reported in previous studies.
I. INTRODUCTION
Thermodynamics, as a fundamental framework to investigate many fields of sciences, can always be employed to characterize physical processes. Since the inception of the scientific revolution of physics, thermodynamics has always been employed and now is applicable in a large variety of macroscopic systems [1, 2] . Thermodynamics laws are well-known for closed and open classical systems. Nevertheless, the meaning of these laws and how they apply to the microscopic regime are still blurred [3] [4] [5] . Several inspiring works have been conducted in this regard; e.g., defining the entropy and the second law of thermodynamics in the quantum domain [6] [7] [8] [9] , investigating the fundamental role of information theory in quantum thermodynamics [4, 10, 11] and seeking for the meaning of work, heat, and energy transfer in micro-systems [12] [13] [14] [15] .
In deriving the Gibbs distributions for closed systems, the fundamental statistical assumptions are independent of the quantum or classical nature of the system [16] . Moreover, to study the open subsystems, we consider an interaction between the subsystem and a thermal bath. Under general statistical conditions, the thermal baths are quite identical regardless of classical or quantum approaches [17, 18] . However, understanding the connection between the thermodynamics of these regions remained a controversial subject despite years of research. Crucial questions concerning the origins of probabilities and entropy in the microscopic regime are not satisfactorily resolved yet such that in different periods they have been interpreted proportional to the achievements of the date [10, [19] [20] [21] [22] [23] .
There is a general belief that open quantum systems are consistent with the laws of equilibrium thermodynamics [24] . In this regard, decoherence theory is quite helpful to define the thermodynamic laws of open quan- * soltanmanesh@ch.sharif.edu † Corresponding Author: shafiee@sharif.edu tum systems. Moreover, one can study fluctuations of thermodynamic quantities of the system through its interaction with the environment [25] [26] [27] [28] [29] [30] [31] . For instance, Binder and co-workers formulated operational thermodynamics suitable for an open quantum system undergoing a general quantum process and presented it as a complete positive and trace-preserving (CPTP) map [7] . Moreover, in another approach, thermodynamics was formulated based on the Clausius inequality with a proper definition of work and heat [24] . In these works, the thermodynamic description is based on a single open quantum system; however, there are alternative approaches in understanding thermodynamics in the microscopic regime. For example, the emergence of thermodynamic phenomena in [32, 33] depends on the complexity of the spectrum of the large quantum systems. Furthermore, in recent studies, information has shown an essential role in describing thermodynamic events. In this connection, a vast variety of studies have been conducted based on quantum information [4] ; e.g., introducing entropy measures for quantifying uncertainties [34] , study of equilibration in quantum regime and maximum entropy principle [35, 36] , the concept of thermalization in quantum thermodynamics [37] , the role of entanglement theory [38] , Landauer's erasure principle and information theory [39] , and the thermodynamics of information [40] . Despite all the efforts made to determine thermodynamic quantities, especially entropy, in microscopic scales, there is no proper evidence to examine how these definitions work. Nonetheless, recently few but interesting studies shed light on the concept; e.g., the violation of the Clausius inequality for a quantum harmonic oscillator linearly coupled to a bath of oscillatory fields [17, 41] , the comparison between the thermodynamic and von Neumann entropy of a quantum Brownian oscillator [42] , and description of quantum coherence in thermodynamic processes [43, 44] .
Furthermore, the study of quantum thermodynamic processes and understanding their intrinsic limitations is essential nowadays considering the developments in quantum thermal machines, quantum heat engines, and related technologies [45, 46] . Quantum thermal machines perform useful tasks by applying thermal gradients to the environment, such as the production of work [47, 48] , the refrigeration of a quantum degree of freedom [49, 50] , the entanglement production [51] and quantum clocks [52] . In this regard, several valuable works have been done to investigate the boundaries of quantum thermodynamic processes in open systems [53] .
In the present work, we assess the validity of the Clausius inequality for a harmonic oscillator passing through a Mach-Zehnder type interferometer that is partially coupled to a thermal bath. To our expectation, as the system evolves through time, it loses its coherent properties satisfying the Clausius inequality. However, at the low-temperature regime, the system's entropy begins to trespass the Clausius inequality. In addition, we examine how the system's coherence varies while the Clausius inequality is violated. Finally, we discuss the source of such an observation [17, 41] .
The remainder of this paper is organized as follows. In section II, we briefly review the Lindblad dynamics of a harmonic oscillator interacting with a thermal bath consisting of harmonic oscillators. In section III, we describe a harmonic oscillator, entering an interferometer which is partially coupled to a thermal bath. Also, we study the dynamics and the thermodynamic quantities of such a system. Finally, we inquire to keep the system's coherence during its interaction with the thermal bath at low temperatures, when the system?s entropy exceeds the Clausius inequality in section IV. Moreover, we discuss that the violation is not due to the amount of the system-environment entanglement, but to the system?s coherence. Finally, in section V, we conclude the paper.
II. LINDBLAD MODEL OF QUANTUM BROWNIAN MOTION
The dynamics provided here are based on employing the model of the quantum Brownian motion introduced by Maniscalco et al., who applied the GoriniKossakowski-Sudarshan-Lindblad (GKSL) master equation [54, 55] . In this system-bath model, the total Hamiltonian is defined aŝ
whereĤ s ,Ĥ ε andĤ int are the Hamiltonians of the system, the bath (environment) and the system-bath interaction, respectively. We consider a harmonic oscillator as the central system and a thermal bath of the electromagnetic harmonic oscillators as the environment. Accordingly, the total Hamiltonian is written aŝ
where Ω (ω) is the system (the environment) frequency, andP andX (p andq) are momentum and position operators of the system (the environment), respectively. We removed the mass from the Eq. (2) and considered = 1. The interaction Hamiltonian reads aŝ
where the position coordinate of the central systemX linearly couples to the positionq i of the i-th thermal bath oscillator with the coupling strength c i . Here,Ê denotes the environment operator. Consideringρ as the total density matrix, the following assumptions can be made in the order of their appearance. First, the system and the environment are supposed to be uncorrelated at t=0; i.e., ρ(0) =ρ s (0) ⊗ρ ε (0) whereρ s andρ ε are the system and the environment density matrices, respectively. Second, we assume that the environment is stationary; i.e., [Ĥ ε ,ρ ε (0)] = 0, and also the expectation value ofÊ is zero; i.e., Tr E [ρ E (0)] = 0. Finally, the systemenvironment coupling is weak and we neglect the effect of the oscillator frequency renormalization since it is negligible under the weak coupling. Hence, by averaging over rapidly oscillating terms, one gets the following secular approximated master equation [54, 56] 
are the bosonic annihilation and creation operators, respectively. Also, the time-dependent coefficients γ(t) and ∆(t) represent the classical damping and diffusive terms, respectively. These coefficients are defined as
where
and
are noise and dissipation kernels, respectively. The master equation (4) is in the Lindblad form in situations, where the quantity ∆ ± γ remains positive in all times [57] . Now we consider the case of an Ohmic spectral density for the bath with Lorentz-Drude cutoff [58] 
where Λ is the cut-off frequency and the dimensionless factor γ 0 describes the system-environment effective coupling strength. Thus, for the expressions of noise and dissipation kernels, we have
where k is the Boltzmann constant and T denotes the temperature. At the asymptotic long-time limit, the coefficients ∆(t) and γ(t) approach their stationary values. So, their expressions up to the second order of coupling constant read as [54] 
where r = Λ/Ω. Therefore, the master equation (4) becomes similar to the well-known Markovian master equation of damped harmonic oscillator
The positiveness of the coefficients ∆ ± γ assures us that the master equation (4) is in the Lindblad form.
III. AN INTERFEROMETER PARTIALLY COUPLED TO A THERMAL BATH: DYNAMICS AND THERMODYNAMICS
In this section, we study the dynamic and the thermodynamic properties of a harmonic oscillator entering an interferometer that is partially coupled to a thermal bath FIG. 1. A harmonic oscillator in the state |1 enters the interferometer through the beamsplitter BS 1 . As described below, the particle reflects with probability |C 1 | 2 , reaches the detector D 1 , and/or goes through the 50:50 beamsplitter BS 2 with probability |C 2 | 2 = 1 − |C 1 | 2 . The particle interacts with unitary gates U 1 and U 2 in paths (b) and (c), respectively. According to the system's Hamiltonian, the unitary operatorsÛ 1 andÛ 2 are defined below in a 4D Hilbert space to increase the par- 
Therefore, the state of the system just before the interaction with thermal baths is the following state (a, b and c refer to interferometer branches in FIG. 1 )
For the sake of simplicity, in (16), we substitute the states |1 a |0 b |0 c , |0 a |2 b |0 c and |0 a |0 b |3 c with |0 , |1 and |2 , respectively. This is just a mathematical simplification and does not affect the physical description of the problem. Thus, for (16) one gets
We describe the system interaction with the environment in terms of decoherence theory, applying the master equation (14) . According to (16) , the density matrix of the system before its coupling with the thermal bath is
For such a system, the master equation (14) can be solved under the rotating-wave approximation. Due to the system interactions with thermal baths in the path (b) and (c), solving the master equation (14), considering the effect of the beamsplitter BS 3 , results in the following density matrix
where η = e −Γt(2n+1) . The probability distribution of the off-diagonal elements ofρ s (t) can be calculated by Pr(P ) = P |ρ s (t)|P , which represents the interference fringes along the P axis. Using the well-known harmonic oscillator wave functions, for the interference fringes, one gets
where C 1 C * 2 = Ze iθ and d represents the differences in optical path lengths. At high temperatures, the terms η sin φ cos(P d) and Zη 1/2 (· · · ) are responsible for the interference pattern, as is illustrated in FIG. 2(a) . With the passage of time, the interference vanishes due to decoherence process. At the low-temperature limit, however, the term
is at work, albeit when decoherence process is completed and η → 0 (FIG. 2(b) ).
To study the Clausius inequality within the systembaths interaction process, we employ the approach introduced by Nieuwenhuizen and Allahvedyan [17, 24] . In this framework, the expectation value of the energy of the system is considered as its internal energy
Moreover, a quasistatic variation of U is dU = dX dPW (X , P)dĤ s (X , P)
where W (X , P) represents the Wigner distribution function of the system in the position-momentum space. The first term in the right-hand side of Eq. (22) is known as the work done on the system δW ; which is zero in our case because of the Hamiltonian that is independent of time. The second term is also the heat exchanged with the bath δQ. Regarding the zero work transfer, via Eq. (21) for the exchanged heat, one gets
Now, for calculating the heat, the position and the momentum quadratures ( X 2 and P 2 ) are needed. Again, by considering C 1 C * 2 = Ze iθ , with respect to the density matrix (19) in the Ohmic regime, one obtains
Consequently, by integrating Eq. (23), one can calculate the exchanged heat as
which is time-dependent equation and varies with |C 2 | 2 . As we expect, with the passage of time, more heat is exchanged during the process. In this regard, Eq. (26) shows that the transparency of beamsplitter BS 1 causes an increase in the exchanged heat. It has to be noted that this is not the case for |C 2 | 2 = 1, in which the system is studied in a 2D Hilbert space. In such a situation, the position and the momentum quadratures are independent of time. Thus, there is no heat transfer in the process, and the process is in agreement with the Clausius inequality [59] . In the quantum regime, we use the von Neumann entropy S(ρ) = −Tr[ρ log(ρ)] as the thermodynamic entropy [17, 41] . Generally, the von Neumann entropy has no relation with thermodynamic entropy. However, it is the best choice we have and the only definition that fulfills the properties of an entropy function (such as additivity and subadditivity) [60, 61] . Moreover, due to decoherence theory, we expect that the system rests in a thermal state (completely mixed state) when the decoherence process is completed. The von Neumann entropy is the only definition that is identical to the thermodynamic entropy in thermal states [56] . Since the initial entropy S 0 is zero, we have ∆S = S t . To our expectation, for the Lindblad process, the von Neumann entropy increases with time. Therefore, positive values of the following relation
satisfies the Clausius inequality.
In the next section, we discuss the conditions in which the system behavior is not consistent with the Clausius Inequality.
IV. RESULTS AND DISCUSSION
The Clausius inequality in Lindblad regime is typically validated with an increase in the entropy with time. However, the violation of the Clausius inequality has been reported in some situations, especially when the systemenvironment are entangled [17] . It has been argued that although the effect of the system-environment entanglement vanishes exceeding some critical temperatures, the violation from Clausius inequality is expected yet [41] . Here, as is apparent in FIG. 3(a) , with the passage of time, the Clausius inequality is violated at low temperatures or precisely high values of Ω/T . On the other hand, no violation is observed at a high-temperature limit.
After the decoherence process (t → ∞), the system entropy is maximum
As FIG. 3(a) shows, at lower temperatures, although the entropy increases with time, it exceeds the boundary of Clausius inequality (i.e., the lines with negative F ). Interestingly, since the Born approximation is assumed during the derivation of the master equation (14) , the system-environment state remains in an approximate product state for all timesρ(t) ≈ρ s (t) ⊗ ρ ε [58] . This state can be fulfilled because, according to the Born assumption, the environment is quite large and its state remains nearly invariant. Therefore, both the system and the environment remain separable. Also, the strength of the system-environment coupling has no effect, since both the entropy (28) and heat term (26) are independent of γ 0 . Accordingly, the observed violation is not an outcome of the system-environment entanglement. Moreover, regarding FIG. 3(b) , the beamsplitter BS 2 transparency also plays a role in the amount of the entropy violation. It is of note that the mathematical representation of the entropy is pretty arbitrary. The standard definition of the entropy is the âĂĲnumber of microstatesâĂİ, which is interpreted as the number of pure states in quantum mechanics. As the entropy increases in a Lindblad regime, the system evolves to a mixed state, independent of the mathematical definition of the entropy. Therefore, the physical behavior of the system would be the same as reported here. In other words, any alternative representation of thermodynamic entropy would affect the quantities not the evolution of the system. 
Time(s)
×10
FIG. 2(b)
presents the possibility of the system to remain coherent at the low-temperature limit (we studied this issue in [59] ). Moreover, the entropy of the system exceeds the boundary of the Clausius inequality at low temperatures (FIG. 3(b) ). In this regard, we need to study the progression of the coherence of the system state through the interaction of the system with the thermal bath. The first axiomatic approach in quantifying coherence was introduced by Aberg and developed 
(|ψ ψ|) = S(Ξ[|ψ ψ|]).

Additivity
C is additive under tensor products.
by Baumgratz et al. [62, 63] . According to this axiomatic program, any quantifier of coherence must be consistent with the following postulates: nonnegativity and Monotonicity (i.e., the reduction under the action of incoherent operations). Moreover, if the coherence quantifier fulfills all the postulates mentioned in TABLE I, we call it a coherence measure [64] . In the current literature, the most relevant coherence quantifiers are distillable coherence [65] , distance-based coherence quantifiers [63] , convex root coherence quantifiers [66] and coherence monotones from entanglement [67] . From the stated categories, only the distillable coherence and the relative entropy (as a distance-based coherence quantifier) fulfill all the postulates and are considered as the coherence measure. Besides, it has been proven that the relative entropy coherence measure is equal to the distillable coherence [64] . The distillable coherence is the optimum number of maximally coherent states that can be obtained from a stateˆ using incoherent operations. One can write the distillable coherence as [64, 65] in FIG. 4 . As can be seen, the coherence decreases with a slight slope at low temperatures, suggesting that the quantum dynamics necessitates the system to remain coherent (FIG. 2(b) ), at the price of the contradiction with the Clausius inequality.
Regarding FIGs. 3(b) and 4, the system after the interaction with thermal baths, tends to behave classically except for the low-temperature condition in which it keeps its quantum properties. Moreover, the figures show that the process is not consistent with the Clausius inequality. It is of note that, in this model, wherein the system and the environment are separable (Born approximation), the violation of the Clausius inequality is not directly resulted from the system-environment entanglement [17] . In order to investigate this issue in a better way, we review the case of work extraction from a coherent state in a cyclic unitary evolution [7, 68, 69] . In a cyclic unitary work extraction, the system with nonpassive density matrix ρ = r n |r n r n | with r n+1 ≤ r n ∀n,
ends up in a so-called passive stateπ, respecting the system Hamiltonian
Passive states are diagonal in the eigenbasis of Hamiltonian with decreasing populations for increasing energy levelsπ = ε n |r n r n | with ε n+1 ≤ ε n ∀n.
Passive states are in agreement with the second law of thermodynamics in Kelvin-Planck formulation. This statement of the second law of thermodynamics expresses that it is impossible to devise a cyclically operating device that absorbs energy in the form of heat from a single thermal reservoir and delivers an equivalent amount of work. Passive states can produce no work in a Hamiltonian cyclic process, where system returns to its initial Hamiltonian. Such a process can be described by a unitary operation U . Hence, the maximum extractable work from the system is
which is zero for passive states. It has to be noted that Gibbs states are consequently passive states [70] . The process of unitary cyclic work extraction from a nonpassive state (30) , with respect to the Hamiltonian (31) is called ergotropy [7, 69] :
which is equivalent to the quantity W max . In our case, the system's state (19) , after the decoherence process (t → ∞), ends up in the following nonpassive state:
We can extract work (ergotropy) from (35) at the price of coherence and leave the system in the resulting passive statê Obviously, for (36), we have C d (π s ) = 0. Therefore, with the price of coherence, we extract work from the system and reach a state that is compatible with the Second Law of Thermodynamics. According to Eq. (34), the maximum work extraction (ergotropy) from (35) , respecting the HamiltonianĤ s , is equal to
As Eq. (37) shows and we plotted in FIG. 5, ergotropy tends to zero with an increase in temperature. At high temperatures, the system coherence is nearly zero (Fig.  4) . Subsequently, the system itself is in a passive state and work extraction is not possible (the ergotropy is zero). Therefore, the system's entropy obeys Clausius inequality. In comparison, at low temperatures, the system's entropy trespasses the Clausius inequality because, by non-zero unitary cyclic extraction, the system loses its coherence and ends up in the passive state. In other words, as the systemâĂŹs coherence act as a source for work extraction, at the same time, the loss of coherence causes the system to satisfy the Clausius inequality. Therefore, the resulted agreement with the Clausius inequality from the loss of the system coherence confirms that the quantum coherence is the main reason for system violating the Clausius inequality.
V. CONCLUSION
The main objective of the current study is to propose a model to challenge our understandings of thermodynamic concepts in the quantum regime. For this purpose, we investigated the quantum approach to Clausius inequality in an interferometer that partially is coupled to thermal baths. Interestingly, our observations, at first sight, was in contradiction with our expectations; accordingly, we sought for reasons for such behaviors.
We studied a harmonic oscillator entering an interferometer. Later, the system resulted in a superposition of the particle path in three branches of the interferometer. In the first branch, the particle directly reached the detector but in the other two, the particle interacted with thermal baths. In this approach, the first branch that has no interaction with thermal baths makes the system to resist against losing its coherence. By illustrating the interference pattern at high and low temperatures, we observed that despite the effect of decoherence process, the system remains coherent in the low-temperature limit. To our astonishment, the system entropy exceeded the Clausius inequality in this region. We discussed this observation as a matter of system coherence. Consequently, plotting the distillable coherence in a variety of temperatures revealed that when the system is kept coherent, it is observed that the Clausius inequality is violated.
In a search for the origin of the stated violation, we referred to the unitary cyclic work extraction process (i.e., ergotropy). By extracting work, the system loses its coherence and ends up in a passive state that is diagonal in the energy eigenbasis and obeys the Kelvin-Planck formulation of the Second Law of Thermodynamics. As temperature declines, an increase occurs in the amount of ergotropy. We argued that at high temperatures in which the system itself is incoherent and the ergotropy is nearly zero, the system obeys the Clausius inequality. On the other hand, at low temperatures and the nonzero ergotropy, at the cost of losing coherence, the system becomes compatible with the Second Law of Thermodynamics.
The violation from Clausius inequality was formerly reported in previous studies as a matter of the systemenvironment entanglement. Later, the phenomenon was observed also in conditions with no entanglement. Accordingly, the reason for such behavior remained open to discussion until now. In our model, we observed the system violation from Clausius inequality just in the low-temperature range. The calculated thermodynamic quantities (such as entropy and heat) were independent of the system-bath coupling and also the system-bath entanglement was assumed to be nearly zero (Born approximation). The only terms that vary in the system final state, from high-temperature to low-temperature limit, are the non-diagonal elements of the density matrix. The non-diagonal terms tend to zero as the temperature of the baths increases. Also, with zero non-diagonal terms, no violation was observed. The direct relation of the system's coherence with the non-diagonal terms of the density matrix led us considering the coherence as the reason for the mentioned violation from the Clausius inequality. As we expected, at low temperatures, the system is more coherent and also violates the Clausius inequality. Moreover, by extracting system's coherence in the form of work (ergotropy), the system ended up in a passive state and, subsequently, no violation was observed. Coherence is the main characteristic of quantum nature. The systemâĂŹs coherence causing the violation from Clausius inequality indeed shows that the Clausius inequality is incompatible with the quantum nature of the system. With further investigation on the problem, we found out that this observation is not entirely unexpected. According to information theory and the concept of entropy, the Clausius inequality is an upper bound for the information storage capacity. This study shows that due to the coherence in quantum systems, theoretically, we are capable of storing more information in quantum states rather than the classical ones. Subsequently, losing coherence as a consequence of interaction with the environment causes the loss of information. In this regard, further work needs to be done to investigate the upper bound for information storage in the quantum systems. Besides, since the developments in the quantum thermal machines, such studies find special importance because of less limitations for the thermodynamic processes. Hence, we potentially have external work extractions from quantum systems, more efficiency in quantum thermal machines, and more information storage in quantum systems.
